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not a function in the classical sense; it is a generalized function
distribution and has to be treated as such. To obtain the Lorentz-
7ariant solutions of (1.1) and (1.2) in a rigorous way one needs
sentially the theory of distributions and the calculations have to
performed within the framework of this theory (see 1it.4,5,6,7).
> object of this paper is to present a rigorous derivation of the
rentz-invariant solutions of the Klein-Gordon equations (1.1) and
.2) by making use of the theory of distributions.
is has been done earlier by P.D.Methée (lit 8,9,10), by menas of the
oping of n-dimensional space Rn on the line R,given by the
ansformation
2 1
u=x - 2: X, (1.5)
i=1

ing pairs of distributions defined on Coo functions with compact
pport in R, Lorentz-invariant solutions of the Klein-Gordon equations
n dimensions are derived. Asymptotic expansions in the neighbourhood
€ =0 of distributions, concentrated on the hyperboloid u=€ , play an
portant role in the theory.
simplified version of this theory is due to J.E. Roos and L. Gﬁrding

it 11). These authors use the following transformations for the test

nctions p(x):
M p) (@©=[ g ST-xDdx (1.6)
Myp) (D= [p) §E-x)sign x_ dx 1.7

2 2 2

th x2=xo-x1-x2—x§.
near homeomorphisms are established between the spaces of even and
even Lorentz-invariant distributions and the duals of the spaces of
e functions (M ¢) (T) respectively (M1¢>) () ; hence the necessary
lculations can be performed in these dual.spaces,

should be remarked that the solutions obtained by 1lit 8 and 11 are
stributions belonging to the space D', which is the dual of the space
all COO functions with compact support.

this paper we present another method of obtaining the Lorentz-invariant

lutions of (1.1) and (1.2). As in the formal way of 1it 1 and 1it 2 we

ply again a Fourier transformation to the equations (1.1) and (1.2) and




jetermine the Lorentz-invariant distributions satisfying:
2 2 4
(k"-m”) £(k)=0 (1.8)
. 2 2. 4
respectively (k" -m) g(k)= -1 1.9

Using the principle of an alytic continuation, the inverse transforms
>f these distributions are consecutively determined, needless to say
with close observance of the rules of the theory of distributions.
Whereas Methée, RoOs and Garding use distributions belonging to D',
we consider only tempered distributions. This results in the fact,
that the solutions obtained in this paper, contrary to those of 1it 8
and 11, do not have terms which increase exponentially at infinity.
However, due to their behaviour at infinity these terms are usually
disregarded by the physicists. (see also 1lit 10)

We have confined our treatment to four dimensions, but the theory can
be extended to the general case of n-dimensions.

In the opinion of the author, the method is easily accessible for
physicists, as well as for those who are not so well acquainted with
the theory of distributions. Moreover, the method links up with the
purely formal method generally used by physicists to obtain the
Lorentz-invariant solutions of (1.1) and (1.2).

Due to these considerations and on account of interesting incidental

results this paper may be of interest for both mathematicians and

physicist,

For those readers not familiar with the theory of distributions, we
summarize in chapter 2 some of the basic ideas of the theory; the
distributions concentrated on hypersurfaces in R4 are considered in
more detail, since we use them later on.

In chapter 3 a modified Fourier transformation is introduced, such
that the image of a Lorentz-invariant distribution is again Lorentz-
invariant and vice versa, This Fourier transformation is applied to
the Klein-Gordon equations (1.1) and (1.2) and it turns out that the

modified Fourier transform of the general Lorentz-invariant solution

of (1.1) can be written as:

%(k):c+ 5+(k2-m2)+c_ J_(kz—mz) (1.10)




lere c+ and ¢ are arbitrary constants.

particular solution of the modified Fourier transform of the

thomogeneous Klein-Gordon equation is

g(k) = -1 (1.11)
k2 m2

le following chapters 4,5 and 6 are devoted to the Fourier transform

thich is nearly the inverse modified Fourier transform) of the

L ¥ P, 5ol

1
2 2
k -m
1 chapter 4 we establish the relation:

.stributions

1 1 - . 2 2
I =5+ iw &k -m") (1.12)

2 2
iere &k -m”) is concentrated on both sheets of the hyperboloid
2 2 2 2 2 2 2 2
¢ -m7)=0; ¥k -m )= X+(k -m7)+ & (k"-m").
1e Fourier transform of — is determined in chapter 5; those of
1 2 o2 k -m +i0
—— and &(k“-m“) follow now easily by virtue of (1.12).
2 2
-n 2 2
rom the Fourier transform of the distribution J(k"-m ) the Fourier

2 2 2 2

ransforms of the distributions J+(k -m ) and 5_(k -m ) can be
srived; this is done in chapter 6.
1e paper is concluded by chapter 7, where we determine in section 7.1
re following Lorentz-invariant solutions of (1.1), viz,: the Pauli-
ordan function A(x), its positive and negative frequency parts
+ - 1 + -
\ (x) and A (x), and 13( )(x)= A X)- A X).
t is shown in section 7.2 that the distribution A (x) is the propaga=
or of the solutions of (1.1) from their initial values.
n section 7.3 we derive finally the following invariant solutions of
he inhomogeneous Klein-Gordon equation: the advanced and retarded
reen's functions A&A(x) and LxR(x), vanishing for Xy 0 respectively
o 0, and the causal Green's functions zﬁc(x) and z&AC(x).

he author is indebted to Profs.,H.A.Lauwerier and R.T.Seeley for valuable

iscussions on the subject.




i1e theory of distributions

'est functions and distributions

ichwartz's theory of distributions generalizes the concept of function
as to include also ''functions' which cannot be defined in the

sical way; for instance the dJ -function of Dirac which is everywhere
except in one point, where it is infinite such that its integral

s 1,

stribution f(x) is defined as a continuous linear functional on some

\ir space of test-functions ¢ (x); x=(x1,x .,xn) denotes a point of

s oo
iI-dimensional Euclidean space Rn. :
1is space of test functions a system of neighbourhoods of the ®-function
sfined,such that one can define the limit of a sequence {g’n(x)} of test
:ions,

listribution f(x) assigns to any function @(x), belonging to the space
:st functions, a real or complex number, denoted by (f,¢).

assignation is linear and continuous; this means:
a @+ a2¢b> =a, <f,¢a> + 2, <f’¢é> for any g  and p,. a, anda,
irbitrary real or complex numbers.

fb (t, ¢n> = 0 for any sequence {?n} converging to zero.

» the space of testfunctions one can make different choices. For instance
:an use the space S(Rn), consisting of all n-dimensional infinitely
srentiable functions @(x), (Coo) functions, which decrease at infinity
iger than any negative power of X, ; ¢(x) is a function of the independent
lbles x ceX This means that for any testfunction ¢(x) exist constants

1
dependent on P such that

k q
|x° p? p(x)| ¢ Chra (2.1)
q,+q,+...+q
k k1 k2 kn q B 1 72 n
X =X X cee X and D*= ;
1 2 n ql q2 9
axl axz ces BX
, e kn and ql,qz qn are arbitrary non negative integers.

jequence {yn(x)} is defined to converge to zero, when the sequences

p4 ?n(x)U converge for all values of Xy uniformly to zero for any k and q.




, space of distributions, defined on S, is denoted by S'; these
itributions are called tempered distributions.

qﬁantum—field theory one takes often for the space of testfunctions
s class C(q,r,1), consisting of all functions @ (x), which are

‘ined in R, and which are continuous together with all their

4
th
-ivatives up to the q order inclusive; moreover all the products

p
T r r r o P(x,,X,_,X ,X )
o 1’723 o (2.2)

: ? ’ ° explaxpzaxpsaxpo
1 2 3 [¢)

uniformly bounded for all values of Xl’XZ’X3 and xo; Py and ri

> non negative integers with Zpi=p§q and Y r.§T. X ,X,,Xg are

w

2 space coordinates and xo the time coordinate of a particle.

aling with n particles the class Cc(q,r,n) is used, which is defined

the same way as C(q,r,1) with the only difference that we have 4 n
dependent variables instead of four independent variables.

nvergence of a sequence of testfunctions to zero is defined analogously

in the space S: the sequence (x)1 converges to zero when the
#n

guences
r, r_ r, T epy (%, ,x,,X,,%X )
| 1 2 3 o n 1°72’73’70 l}
X X X X -
1 2 3 o P P P P
X 1ax 2 83X 3ax °
1 2 3 o

nverge uniformly for all values of xl,xz,x3 and xo to zero for all
2,rS,ro) and (pl,pz,pB,po) with ):ri§r and Zpi=p§q.

e dual space of all the distributions defined on C(q,r,1) is denoted

mbinations (rl,r

Cc'(q,r,1).
. is clear that the cross-section of all spaces C(q,r,1) with arbitrary
lues of q and r is the space S(R4); hence the union of all spaces
(q,r,1) coincides with the space S'(R4).
mce, when we have determined some distribution belonging to S'(R4)9 it
ylongs also to some C'(q,r,1); therefore, admitting sufficiently large
\lues of q and r, we can without loss of generality restrict our
msiderations to distributions belonging to S'(R4).
| ordinary Lebesgue integrable function of n variables can be conceived as

distribution; the distribution is defined by the integral:




+00

()= ) £ p0dx (2.3)

-=Q0

here the integration is performed over the whole n-dimensional space.
hen the distribution cannot be conceived as an integrable function,
e retain nevertheless the notation of the right hand side of 2.3),
1lthough the integral notation has no meaning at all as integral in

hatever sense; for instance:

+00

(@, p@Yy = [ @ pxdx = p0)

-Q00

‘he operations on distributions are defined in such a way as to preserve
heir meaning when the distribution is an integrable function; e.g. the

lerivative of a distribution is defined by
of _ 2%
< 9xX, ’50> =-< 1 ox,
i i

then p is a ) function, it follows that the distribution f is

.nfinitely differentiable. A linear transformation T of the independent

rariables Xl""’xh is defined by:

(E(T R, ¢)) = ﬁ—, (1@, P17t W),

vhere | T| is the absolute value of the determinant of the matrix T.

\ sequence {fn(x)} of distributions converges to the distribution f(x) in

jistributional sense, when

lim (£ ,9)= (£, 9)

n-—-—00

From this definition and from the definition of the derivative of a

distribution it follows that the order of these operations may always be

interchanged.

The Fourier transform of an absolutely integrable function is defined as

+Qo i (k,%)
e

F [f(x)] = T(k)= f(x) dx

=00

with (k,x)=k1x1+k2x2+...+knxn.
The Fourier transform (k) of a distribution f(x) is defined by Parseval's

equality




(P, Py =en" (10, ¢x)) (2.4)

t is clear that the classical definition of the Fourier transform of
1 absolutely ihtegrable function is preserved when the function is
mceived as a distribution.

>wever, the definition (2.4) has only sense, when the space of the
ransforms of ¢(x), i.e. the space of the functions \ﬁﬂk), has such
roperties, that one can define on it linear continuous functionals.
»reover, the distributions ?Qk), defined by (2.4), have to be
»ntinuous linear functionals on the space of test functions ?Xk).
t is not difficult to prove that the Fourier transformation is a
.near continuous 1-1 mapping of the space S onto itself and hence
1is is also true for the dual space S'.

)r a complete account of the theory of distributions the reader is
:ferred to 1it.3 and 4.

1 this paper we take for the space of testfunctions #(x) the space

IR4).

2 Distributions on surfaces

.nce we shall use in the following pages often distributions which

"e concentrated on surfaces in R we give in this section a special

4°
tention to this kind of distributions.

> consider distributions concentrated on a hypersurface in n-
.mensional Euclidean space Rn' They are introduced according to
t1e elegant method of 1it.12 (compare also 1it,.13)

1 the same way as the one dimensional distribution ©(x) (unit step

inction) we define the distribution ©(P) as:

<9(P),97(x)>= / @(x)dx (2.5)
P30
lere P(xl,xz,...,xn)=0 is some surface in Rn and P is a (COO) function
2P 8P 2P
.th V7P=(5§I, ;;;,..., 8xn) never zero on {P=0} .

i is well known we may define the one dimensional Dirac Jd-function as

le distributional limit:

§(x) = lim %[9(x+c)-9(X)]
c—0




0
. 1 s _ e L -
e. (I, @(x)) = lim = (8(x+c)-0(x) ,p) = lim = jf p(x)dx= ¢(0).
c—30 c—0 -c
the same way one may define the generalization S(P) as:
(5P, px)) = lim %’;<9(P~+c)w9(P),5ﬂ(x)> -
c-—30 (2.6)
lim = ‘ PR K g veesX Ydx_ dx_....dx
¢ —0 ~¢ £ P<O 12 n 12 n

e existence of this 1limit is clear sence we may write for the latter

tegral (see fig.l):

1 do dz
:X(P), P(x))y = P / pc wp] = Jf gf/‘(xl,xz,... Xn) wBl (2.7)
c——30 P=0 P=0
P=0
P=-cC where dr is the surface measure on {P=0} and
vy — o S df'
| 7Pl= V(VP, 7P, VP) #0; dx, dx,, dx = ydo =c 7]

fig.1

‘ . . 2 2
 apply this definition te the three dimensional distribution J(xo-r ) with

2 2 2 . .
—x1+x2+x3 and where xo is conceived as a parameter,

» introduce polar coordinates X =T @, (i=1,2,3); dr =r2d11, where df{)
motes the surface element of the unit sphere!linRS; | vP|=2 r.
tbstituting this into (2.7) we obtain:

2 2 rzdll
<3’(xo—r ),y>> =% / y(rul,rwz,rQB) - or

Ir=|X
X

2 2
(¥ ) 9 )=k | x| fgﬂ(lxol W lx | @y, lx] ©dd2  (2.8)
: Lok

second example of a surface distribution, which we shall use frequently,
2 2 2
5 the four dimensional distribution Jd(x -m ) with x _x2 xi~x2 “Xg; m is

»me constant.
1stead of xl z,x we use again spherical coordinates, viz.
: \/ P 2
L=r wl,xz—r @gs 3—rcas with r= x%+x2+x§ ; hence dxl dxz dx3=r dr dfl,
sere dJf) is the surface element of the unit sphere {1 in (Xl’xz’XS) space.
2 2 2
istead of Xo we take the new coordinate P=x0—r -m and So

2 2 2 2.-
= +VP+r'4+m~ and dx = 3 (P+r"4m") %dP. Hence

o]
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2 -
:dxldxzdxsdxoz + 3(P+r +m2) %rzdr dP d Q1 and

{0(P), ¢(x)) =3} / (P+r2+m2)_%r2y7 dr dP dfL
P30

m this it follows immediately:

2 <0Pre)-0(P), p(0)y = 2 / e 22, ar ap an
¢ -c £ P<O

ing the limit for c¢—O0 we obtain finally:
2 2 2 2-3 2
<31x -m), @(x)) = % (r"+m™) % rgdr 402 =
x -m =0

(0 0]

(r2+m2)_% r2 ¢(ro)1,rc»2,r¢939+ r2+m Ydr df2 +

o

=
P

00
3 J(ér (r +m ) r2 y(rc»l,r ©ysT G g V1'+m )dr do (2.9)

forming the integration with respect to d4fL we obtain:

©
<J(x2—m2), P(x)) =1 /’ (r +m2) -3 2 P(r,+ r2+m2)dr +
0
P 2,-3 2 VoZ 2
+ 3 jr (r 4+m”) ¢ (r,-Vr'+m ) dr (2.10)
0
h
?(r,xo) =:jf'¢(x1,x2,x3,xo)d52 (2.11).
Ko}

s, apart from a constant, the mean value of ¢ on a sphere with radius
n (xl,x2,x3) space, 5
m=0 we get a distribution concentrated on the lightcone X =T viz:

00

)
<JTx2),¢Kx»= 3 /f r ;Kr,+r)dr+% /f r @(r,-r)dr (2.12)
i 0 0

circumstance that the origin is a singular point of the cone surface
) is not essential since the integrals on the right hand side of (2 12)

verge for r=0,
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2 2
The distribution J+(x -m ) which is concentrated only on the upper

2 2
sheet of the hyperboloid x -m =0, is given by:

w -
<X+(x2-m2),?(x)> =3 grﬂ( (r2+m2) 5 r2 y(r'wl,rcgz,rc33,+ r2+m2)dr an

00
2 L- 2 _ 2 :
=% Jf (r +m2) 3 r y(r,+V/r +m2)dr (2.13)
0
. . . 2 2 . .
For the distribution 5_(x -m ) which is concentrated on the lower

2
sheet of x —m2=0, we may write analogously:

00
:J_(xz—mz),sv(x)> =3 /1{ (r2+m2)-% r2 50(1‘“’1:1‘ az,rms,—\/r2+m2)dr d. =
0

00
2 2 - 2 2
=3 jr (r +m ) 3 r” p(r,-Vr +m )dr (2.14)
0
Taking again m=0, we have for the distribution, concentrated on the forw

lightcone, the formula:

(0 0]
<d’+(x2), pe) =} 0/ r $(r,+r) dr (2.15)

and for the distribution, concentrated on the backward lightcone, the

formula:

00
<J_(x2), ¢(x)> =3 /’ r g(r,-r)dr (2.16)
0

It may be remarked that the distributions &(P), J+(P) and & (P) are eve
in P (compare eq. (2.7)) and hence J(P)= 5(-P) and (¥+(P)= 5+(-P).
The distributions §(P), concentrated on the surface Ple,xz,T..,xn)=0, c

be differentiated to P; this derivative is defined by

5(k+1) (

(P)= 1im (Pre)- ¥ P k=0,1,2,... (2.17)

c—0 ¢

As an example we determine the first derivative of the distribution
2 2 2 2 .
S(xo-r ) with respect to (xo—r ), where x, is conceived as a parameter.

According to (2.8) and the definition (2.17) we may write:




=12~

T 1 o=y |
5‘1) (xcz)-rz) ,97> = lim % % [y(v xcz)+c Wy \/xi+c o5 \/xc2)+c w3) \/xi+c -

c—0 3

- sp('xo] wl’]XOi wz,lxo( (.)3) ixolj dﬂ =

1 3 X ]
= r
3 /[21‘ p { wl,ruz,rw?))r} ds (2.18)
n I"-:’XJ
o
» derivative of J(k) (P(xl,xz,... xn)) to one of the variables Xj is
ren by the chain rule:
3 (k) (k+1) aP
=2 3 = -
X, (P) g (P) 20X . (2.19)
J J
:n P depends on a parameter t, P=P(x1,x2,...,xn;t), the derivative of
:)(P) with respect to the parameter is also given by the chain rule:
- k) _ (k+1) Q_P
2 = Sy 22 (2.20)

* the proof of these chain-ruiesthe reader is referred to 1it.12.

1ally, we mention the useful formula:

(k)

p &% (P) = -k JED

(P) (2.21)

follows from (2.7) that P J(P)=0 and by repeated differentiation of

.s result to P one obtains equation (2.21). By aid of the chain-rule
2 2 2 2

1 formula (2.21) one proves easily that J(x )= K(XO—Xf—xz—xs) satisfies

» wave equation [ f=0,.
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The Lorentz-invariant solutions of the Klein-Gordon equation.

.1 The Fourier transformation

e introduce the modified Fourier transformation F* which is defined
or integrable functions, of four independent variables, by :

) . + 00 ik
O] = Ea= [ T fax (3.1)

=00

ith k. x—k X klxl 2 9 k3x3 and dx=dx1 dxz de dxo.

he 1ntegrat10n hasto be performed over the whole four-dimensional

pace R4.
'he inverse transformation F"”1 is, in case it exists, given by
+ 00
-1 ~ - k. ~
fo=F Tt ] = 2 3 e " ¥ Fr)dk (3.2)
2n -00
/ith dk=dk1 dk2 dk3 dko.
le have adopted here the Lorentz metric
2 2 2 2 2 '
X =XiX=X =X ~X,~Xg (3.3)

. Lorentz transformation is a linear transformation of the coordinates
/hich leaves x2 invariant and which does not reverse the direction of
:ime. We consider only the so called proper Lorentz-transformations,
/hich means that we do not consider reflections and so the determinant

»f the transformations equals.always +1.
3y using the Lorentz metric in the definition of the Fourier transformation

?* we have achieved that a Lorentz-invariant function has also a Lorentz-

.nvariant transform and vice-versa,

\ distribution is invariant under a Lorentz transformation /A , when
(EOA 0,¢00) =(E6), AT ) = (160,900 (3.4)

for any testfunction ¢(x).

lhe Fourier transform F* of a distribution f(x) is defined by the relation:

(LT, PR Ip] =B, p00)Y =@n® (£6),900) (3.5)
By aid of (3.1) one can easily check the relation:

F*Io (A x] = $(AK) (3.6)
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ice according to the definition of transformation of the independent

‘iables
EAR),p0) = (26, PA )

have

Ll FIml) =@’ (tn,pw) =

20? (@, gAY =E®, FATRY = (P, §a) .
ice we have also for any distribution:
FltAR] = TR . (3.7

;m the distribution f(x) is Lorentz invariant, the relation (3.4) is

.id and hence:
(FAK), p(R)) =(E(k), #(K))

1s a Lorentz-invariant distribution f(x) has also a Lorentz-invariant
jified Fourier transform f(k) and vice versa; the proof in the

yosite direction is similar. It may be remarked, that for any test-
1ction (%)

i (k,x)
e

+
4 ~ ~
(27%) ¢?(x1,x2,x3,—xo)=_oO p(k)dk=F [ ¢(k)] (3.8)

2x2+k3x3+koxo.

:n the Fourier transformation F, in the usual sense, is applied to

th (k,x)=k1x1+k

. 4
1), we obtain (27 y(xl,xz,x ,-xo).

3
rording to Parseval's equality we have also for the Fourier transformati

the relation:

(F[T®] ,F[ p(k)] =(27c)4 <f(k), ;Z(k)) or

(Ex), ¢(k)) —czm* £, p(x))

il f(k)],y(xl,xz,xs,-xo)>

i1 so we have:

N 4
FL £(x)] = (2xn) f(xl,xz,xs,—xo) (3.9)
aid of (3.1) we obtain
» —_ 4 ‘ -
FF L f(xl,xz,x3,xo)] =(2n) f(xl,xz,xa, xo) (3.10)
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.2 Lorentz-invariant solutions of the homogeneous Klein-Gordon

equation
pplying the modified Fourier transformation to the homogeneous Klein-

ordon equation:

2
(OQ-m ) £x)=0 (1.1)
. 2 2. a4 '
e obtain (k -m ) f(k)=0 (3.11)
ith
2 2 .2 .2 2
k _k.k_ko-kl—kz—k3 (3.12)

t is clear that the solution of (3.11) is a distribution concentrated

n the two sheets of the hyperboloid

2
k -m2=0 _ (3.13)

utside the two sheets of this hyperboloid f(k)=0
..T. Seeley has shown in a private communication that the solutions of

3.11), invariant under the group of proper Lorentz-transformations, can

e written as:

a0 = c, §, 0P + c_ ¥ (%) (3.14)

2 2 2
there c, and c_ are arbitrary constantsj X+(k2—m ) and §_(k'-m) are
listributions concentrated on the upper respectively lower sheet of the
2 2
iyperboloid (k" -m”)=0; they are defined by the equations (2.13) and

2.,14), viz.:

<<Y (k -m ), 9o(k)> 3 // (x +m ) E: xzy(x w xwz,x/,;3,+\/xz+m )dx df
0 n .

-3

2 2 = 2 2
(x2+m ) x ;o(x,+_ x +m )dx (3.15)

!\I)%IH
O\ 8

and

¢ aPn®y, ) =4

(0 0]
j[J/ (x +m ) -3 xz y(xwl,xwz,xu Vx +m )dx an
0

7

w l K
3 Jf (x +m ) "2 x2 p(x,-Vx fmz)dx ! . (3.16)
3 .

2 .2 .2 2
with = —k +k_+k £) denotes now the unit sphere in (k1 2,k ) space and

2 3’
dY the surface measure on it.
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is defined analogously to (2.11)

gp(x,ko)= / p(klgkz,ks,ko)dSI:/ %(zwl,xwz,st,ko)d.ﬂ (3.17)
el N
.2 2 2 A .
r c+=c_=1 we obtain f(k)= &k -m”) as a special solution of (3.11).
r the sake of completeness we repeat in the next section the proof
Mr.Seeley.
> Lorentz-invariant solutions of (1.1) are according to the foregoing
ztion 3.1 determined by the Fourier-transform F of the distribution
2 2 2 2
(kx"-m™) and & (k"-m ).
1ce to obtain the general Lorentz-invariant solution of the homogeneous
2in-Gordon equation all we have to do is to determine the Fourier
insform of these two distributions. This will be carried out in

ipter 6.

2 2. 4
3 The Lorentz-invariant solutions of (k -m ) f(k)=0.

2 2 ’
7 solution of (k" -m”~) f(k)=0 invariant under the group of proper

rentz-transformations can be written as:
a 2 2
f(k)= c, 5+(k2—m2)+ c_ & (x"-m") (3.14)

re ¢ and ¢_ are arbitrary constants and 5+ and X_ are defined by the

1ations (3.15) and (3.16),

yof

define two continuous maps, T+ and T , from the space of testfunctions
{4) to the space of testfunctions S(RS),by:
KLk, +V xZm?)

A ﬁ(kl 2°73?
k k )=
T ¢( 1,k o)

k
9 ?
x 2" 3 2 \/x2+m2

' 2
7 distribution of S (R4), satisfying (kz-m ) f(x)=0 has the form:

(3.18)

(), p)) = (glk sky,k), T, ?(k)) +

+{&_(k ,k, k), T_¢(K)) (3.19)

1’72’73

e (G2-n?) B0, $G0) = (F), &Z-n?) $()) and T, aP-n®) P =0,

is clear that any distribution of the form (3.,19) satisfies the relation
) ~
'-mz) f(k)=0.
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ppose now (k%—mz) f(x)=0 and we have to prove the relation (3.19)é
introduce the (C®) function A(t), such that Z(t)=1 for |tl¢
d X(t)=0 for [t|> mz .

e function %(kz—m ) is a (C ) function which has its support in a
ighbourhood of the upper and lower sheet of the hyperboloid k -m =0;
e neighbourhood of the upper sheet lies within the region k0> %lnvrﬁ
d that of the lower sheet in the region k < -3 mV2.

nce O(+ ko) X(kz—mz) is also in (C ) and we have also f= I(k -m ) f
nce f is concentrated on the hyperboloid.

r any testfunction -@(kl kz,k ), belonging to S(RB)’ we define the

stributions:
~ ~ 2 2 2 2 2. -
(gi, y)={*%,2 \/$‘+m o(+ ko) L(k"-m") ¥) (3.20)
: is clear that 2\4? +m2 o(+ ko) X(kz—mz)'¢ belongs to S(R4).

ymsider a testfunction ?(k)G S(R4) which vanishes for ko< - % . From

3.18) it follows immediately T_ $20 and
(2,5)- <&, )=, T_ 9= (1, 9) (8,1, 7)=
(2, 1§y -<&,,T, 8)
ince 7L(k2-m2)93 (k) vanishes for k_ (+} mV2, we may write:
(2,8)- (&,.T, $)= (2,00 ) A7) - (T, §)

sing now (3.20) and (3.18) we obtain:

£ Pk kK ,k)gv(k,k RV
<f’52>‘<§+’T+¢>=<(k2-m2)f,e(ko) X(k2p2y —1 273 1% K3

(k —m)
(3.21)

he testfunction, appearing in the right hand side of (3.21) belongs
2 2
ertainly to S(R ), since ¢ 1s in (C ) and ko—a x +m when (k -m )—aO

2
me to the supposition (k -m )f 0 we get finally (f ¢> (g /F ¢> and

he relation (3.19) has been proved for testfunctions vanishing for

: m
.0<" 2 °
n the same way {f,&)=:<é_,1; ¢> for testfunctions ¢ vanishing for

m
o > 5 . As any testfunction can be written as the sum of two testfunctions
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ishing respectively for ko< - % and ko> + %, the relation (3.19) has
n established.

complete the proof of the theorem we need the following lemma:

istribution, invariant under the group of proper Lorentz-transformations,

isfies the relations

of of .
kg S = o ok j=1,2,3. (3.22)
J

of

ee special transformations of this group are the transformations /\1(9),

(e) and_/\3(9) which mix respectively k0 and kl’ ko and kz, and ko and

They are given by matrices such as e.g.:

cosh ® 0 O sin ©
A, (0)= ° 1to o (3.23)
0 0 1 0
sinh 8 0 O cosh ©
obtain the new coordinates (kl 2 ké,k‘) the matrix has to be multiplied

the vector (kl’k ,k3,k0), When f(k) is invariant under 1\1 we have:

2

@(k) ,$ 1) =(FA R ,p00) = ,%m;lk))
pu-2A Tt K

(i), 5 =0 (3.24)

aid of (3.23) we may write:

~ - -1 ~ .
sﬂ(k)—;o(/\l k) ) 50(k1 oo Kgrk )-#(cosh © k -sinh © k_,k,,kg,-sinh @ kfcodm@k()
(%] e
hence
- ~ -1
P (k)-p (N k)
lim 5 L = k_ a%f + & a—k?’— (3.25)
0 —0 1
stituting (3.25) into (3.24) we obtain
8/\ Bf A
<fkak +k1ek - < kl'ak ’P>"O
1 1 o
hence
af >f
k1 ak ko 2k )




-19-

2 proves in the some way:
k., =—=-k =—— J=24y3s . (3.22)

has been proved above that any distribution f(k) satisfying (kz—mz)f=0
n be written in the form (3.19), where §+ and g_ are defined by (3.20).
use now the conditions that f has to be invariant under the group of
oper Lorentz-transformations,

ven (k. ,k ,k;) in S(Ry), we take 9o (k_,

1’72773 9
a neighbourhood of (k -m )=0 one has:

L7k kg k )=k ) 2 G2 )V’“& k

e °% 259
.a_k:_o and 5—1{—1 e(+k)l(k—m )ak

plying now the lemma we obtain:

6/\ ~ ' 2 2 ‘a‘/\ N
<ko ak + 1 ak ,f >_ <'f,ko e(iko) Ak -m™) a——?fkl Y = o0,
a . . 2 2 .
nce £ is concentrated on the hyperboloid k -m =0, one may substitute
2
x2+m ; inserting (3.20) yields finally

A ag. ~
-3(g, = (2 P

d hence §+ is independent of k., . The independence of §+ from k2 and k_ i

1 3

oved in the same way and so §+ is constant. We put §+=E+ and g =c_.

llecting the results gives:
(2@ ,pa) =(c ,T, ) +(c_,T_@U) =

+ 00 Sp(k + ::2+m2)

1Koy .
1’ 2 3 dk, dk_ dk_ +

12”°+_{O// Vem2 1 T2 3

2 2
+Q0 y(kl 9 3, X +m )

}c_ 4// TET dk, dk, dk; =

- 2 -
o, (¥ 2™y ,3(0) + o (5_Gm) 500 LG
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Lorentz-invariant solutions of the inhomogeneous Klein-Gordon

equation,

Lorentz invariant solutions of the inhomogeneous Klein-Gordon
ation:

(O-m2)gx)= ~3(x) (1.3)

. obtained by the Lorentz invariant solutions of the homogeneous
ation (1.1) and a particular Lorentz-invariant solution of (1.3).
. latter can be obtained by applying again the modified Fourier

nsformation F¥ to (1.3). Transformation of (1.3) yields:
2 2 .
(k - )g(k)= -1 (3.26)

orentz invariant solution of (3.26) is

1

g(k)= -5 (3.27)
m =K
y distribution < 21 5 é(k)> is defined as the Cauchy principal
ue: m -k
-11£E~ dk = 1lim J/f JZ——— dk (3.28)
2 2 2
E—0 |m“-k |>g

y integration is performed over the whole space R4.
s existence of this principal value is shown in the next chapter.

aid of the Fourier transform of the distribution —Zl—Z we get a

‘entz-invariant particular solution of (1.3). mk

order to obtain the solutions of (1.3), invariant under the group
proper Lorentz transformations, we have only to determine the
irier transforms of the distributions X+(k2e@2),5;(kz-m2) and ;gi

.s will be done in chapters 5 and 6.

2 -
The distribution (m +P + i 0)

consider for the moment the one-dimensional distribution 1n(k+iO)

is defined by:

1n(k+i0)= 1lim 1n(k+ié)= 1n|k|+i®O0(-k).
£—-+0

*ferentiation of this distribution to k yields:




-2]1=-

1 1 d

= : —_— = e 1 S

k+i0 lim k+i & dk nlk)-i7 &(k) (4.1)
£€—-+40

.e functional 4 1n(k) can be reduced as follows:

dk
: +00 A
(% 1n|ki,¢(k)) == 1nlkl,$' (@) = =/ 1nlkl ¢ (dk =
=00
g . ~-£ . 00
: = 1lim / 1nlk) ¢ (k)dk= -1lim {:1nlkl C}(k) +1n ki ?(k)
£—+0 jk|>¢€ £€—+0 -00 +E
J/. 2K gk = 1im j/' &) g,
jkl>& k e—0 |k|>& k
:nce
1 1 1
= 14 == -7 id(k 4.2
K410 | 40 Kk+iE K 160 (4.2)
1d in the same way
1 . 1 1
= 1 = — i
—y 5—3?0 — r t 18 (4.3)

1 N
1ere the distribution < ) y(k)> has to be conceived as a principal
1lue of Cauchy.
1is well known result can be generalized for the distribution

n2+P(k) + iO)_l, where P(k) is some real quadratic form in k ,kz,...,k .

1

2 2 2 2
ince we need it here only for P(k)= k1+k§+k§-ko—x —k , we shall conflne our
2
)ns1derat10ns to this case. We define the dlstrlbutlon (m +P + 10) or
2a>-1 by:
A 2 A + A Ai 2 A
(m2+P +10) =(m"+P) + e~ @ +p)” (4.4)
ith .
2 A '
(m” +P) for m2+P 20
2 A
(m +P)+ = g 9 (4.5)
0 for m +P 4“0
nd
2
9 X 0 for m +P>0
m“+P) = 9 = 9 (4.6)
(-m" -P) for (m +P)g O
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2 A A
is clear that the functional ( (m +P+i0) , y(k)} is an analytic
iction of a for Rea>-1.
A
: distribution (m2+P_+_iO) with Re Ag~1 is defined by the analytic

2 A
itinuation of ((m +P_+_iO)>‘ , #(k)) as function of the complex variable

.8 analytic continuation will be obtained by the analytic continuation
2 A A 2 AL
{ (m +P)+, 9o> and ( (m"+P)_, <p> .

* Rea>-1 we may write:

(e, $) = 2/ @®+» $ (Wdk (4.7
m +P30

2 A .
is also clear that <(m +P)+,50> is an analytic function of A for
a>-1, We introduce again polar coordinates for k

=Vk2+1k2112 i
42,3, X k1+k2+k3 and instead of k0 we take

VA A
Q= xz—ki+m2 or ko=i z2+m -Q ;

2 ‘.,
dko='+' J2*(9c2+m -Q) % xz dx dQ dSL , where d{)L is the

,k, and k_ @ k =xw,
1 1

1’72 3

ce dk1 dk2 dk

3
'face element on the unit sphere in (kl,kz,ks):Space-
stitution into (4.7) yields:
2 2
' 00 x _+m =< /2 2
L2 A s A x - 2
.(m +P)+’ Sﬁ> =% / {/ Q Sp( ,+F VX +m Q) dQ} x° dx +
0 22
x +m -Q
oo z?+m2 = 2 2
D(, -V - 2
+§f{'/ Q) L= Vx +m Q)dQ}x dx  (4.8)
0 0

\ /““‘—’xzmz_Q

re the integration to df)2 has been carried out and <}3 is defined by

17)

right hand side of (4.8) may be written for Re A>-1 as:
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: Zo[ }”‘m QA{ .;3(x,+ x2+m2—Q) _ ;(I,+ x2+m2) } dQI xz do +
0 \/xzmz_ Q' \/x 2+m2 '
2 2 - 5

%0/00[/ 7x @ (x, - 2 4m -Q) ;A;(x," x+m2)} dQ]xz de +

0 \/x +m —Q Vx2+m2

2 2 A+1
..!'-I /00 Lo tm ) { P (x, +\/x. +m )+ $"(x \/tx. +m )} 'x dx (4.9)
A+ /——uxz 5

he first two terms are analytic functions of a for Rea>-2, while the
hird term is an analytic function of a for all values of A except

= =1, where it has a simple pole.

lence the distribution {(m +P) o p) is defined for Re)> -2 by (4.9)
rith the exception of A —-1 the distribution (m +P) does not exist

'or a=-1, since <(m +P) ,50> has a pole in ?\—-1 Accordlng to (3.15)

nd (3.16) the residue in this pole equals <«3’(m +P), gﬂ>
2
’he Laurent expansion of <(m +P)+, y’> in the neighbourhood of the point

A=-1is:
<<mz+P)>;’$;> 7\+1 <5’(m +P), ¢ ) + <(m +P) 13> + 0G+1) (4.10)

2 - ~
/here the distribution ((m +P)+1, ;o) is defined by:

fo o) 2 2 -
@ty =1 [ logCrsm)  Zee o Voulin®)e § (x,-VxPmD) ] xlan

3 /00[ /x (m2 { f(x +\/x -P) ﬂ" + 12+m ) } dP]xzdx .
0 “J2 2 p Vo 22
2 - - / 5
x )—1 PAx, xz-P) - plx,- "‘2+m )} dp]xzdx (4,11)

+ 3 [00[/ (m2+P :
0 '—mz V xz-P Vx 2+m2

2 - -
Jeedless to remark that the distribution (m +P)_‘_1 is not the distribution
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-P)?_ for Aa=-1, but <(m2+P):_1, 5;} is the value of the regular part of
Laurent—expansion of <(m2+P)1,<}> in the point A=-1,

Laurent expansion of ((m2+P)?_‘,5;> for A in the neighbourhood of the
1t A=-1 can be found in the same way.

Re A>~1 we may write:

-

(%P, §)= / (-n”-P)” P (k) dk= Q/O Q" pr)dk
>

m2+P§ 0

2
1 Q= -m -P=ki-x2—m2.

introduce again the new coordinates kizxwi, i=1,2,3 with dkldkzdk3=x2dxdﬂ

sgrating with respect to df2 yields:

(@Zp, §) = / Q" P>,k ) x2dx dk_

Q» 0
2 >l
tead of x we use now the coordinate Q with =x = kO—Q—m and
O al
2
= -3 dQ/ \/k -Q—m2 : hence we obtain:
° 2 2

-m + ko_
2 A A // AR, /2 2 P 2
P, ) =} { jf + // }oak [ Q y(\/ko-Q—m ,ko)V/LO Q-n” dqQ]

-00 +m 0

(4.12)
right hand side of (4.12) may be written for Re a>-1 as:
2 A -
((m"+P)_, ¢y =
k2-m2

7 a ° Acm /2 3 5 2%, /2 2 3. 2
/f + jf'} dk [:jr Q {'p( k- -Q-m“,k "Wk -Q-m -¢(v/k -m2,k Wk>im ng]+

o o o o o o o
-00 +m 0
1 ra o0 2 2a+l./ 2 2 = /3 2
———{/+/}(k—m) kK -m” @(Vk -m ,k )dk
A+1 o o o o o

-00 +m . :
er substitution of 'ko: + V xz-t-m2 the second term is reduced to
1 .;P B I TRV X2 dx NP jP 2O = =3+m2)x?dx
H ’

A+l 0 \/x2+m§ A+l 0 V'Jc2+m2

we obtain for Rea> -1
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n2+P)A_, 92) =

{

’ / " + ]ooj dk l kf-m Q}\{ é(\/ki-Q-mzl,ko)\/ki-Q-mzi-; ('\/ktz)—mz., ko)\/ki—mZ f dQ]
' +m °to

=00

2 2
Q

. (4,13)

1 P 2(a+1) = p) 2 dx go 201 3 dx
—i3 x (x,+ Vo %) =5 +} ¢ (x, ~Voam )
st ’ e A fm?’t

e right hand side of (4.13) is an analytic function of A for Rea>=-2 with
e exception of the point a=-1, where it has a 51mp1e pole. According to
.15) and (3.16) the residu in this pole equals <5’(m +P), ';0 (k)>

e right hand side of (4.13) gives the analytic continuation of

m2+P) , 50> in the region of Rea>-2.

e Laurent expansion of /(m2+P) ,w} in the neighbourhood of the point

-1 runs as follows:

<(m2+P)i, (;9> = —&—1—{)— <3’(m2+P), ¢ )+ <(m2+P):1, 52> + O(A+1l)  (4.14)

ere <(m2+P):l,§}3> is again the value of the regular part of

A A 2 -
m2+P)_,9ﬂ> with a=-1. The distribution <(m +P)_1,<,'5> is defined by:

m2+P) :1 , §7> =

{ 7“ + +:‘:1/00} %’;(Vki—mzl,ko) \/ki—mz.ln(kcz)-mz)dko—

-00

2 "
S - ) . . :
{ z . jog ax [ / 2m 2+ T FO/RZR k) \/ki+p—§‘><\/ki-m2,ko)\/ki—m2} ar]
’k
(4.15)

. 2 LA A 2 A A Al 2 2 4
ve Laurent expansion of {(m +P+i0) ,y)> = ((m +P)+,79> +e <(m +P)_,<,a>
1 the neighbourhood of A=-1 can now easily be obtained by aid of (4.10)
1d (4.14).

1e poles of <(m +P) <,0> cancel each other and the result is:

mZ+pr10) B ) = (4P -+ L P) - 7w (sm2+P),§) + 0(+1).
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18 <(m2+P+iO)7' ,9’5) is an analytic function of 3 in the neighbourhood

a=-1 and for A=-1 we get the result:
, 2 "1 A 2 -1 2 -1 » . 2 A
‘m”+P+i0) ,99) = {(m +P)+ -(m"+P) _ ,$ﬂ> -7%i{5m +P),;1)> (4.16)

2 -1 A
:re the distributions((m +P)+1 ,-90> are defined by (4.11) and (4.15).
order to reduce the right hand side of (4.16) further we consider once
2 =1 4
vin the distributions {(m +P)+1,7)> .

s right hand side of (4.11) can be reduced as follows:

© 2 2 —
12+p):1,9',;> =3 0/ M‘;ﬂ".l{ P, + \/x2+m2)+§(x,— 224m )} xZdx

Vx2+m2

2 .
A 2 . A /2 2
lim [}0 xzdx{/x (m24p)™t LXptVx -P) $x,+ V") 1og£}]
—+0 "0 2., Vx2-P Vo2, 2

- T~
00 A 2 2
2
/ log (x +m2) ¢(x,+\/x +m ) xz

0 o2, 2
% +m

2
00 X = AR = 2 2
lim I:/ xzdx{/ (m2+i5)_1 o(x,-\Vx"-p) dp + P(x,=Vx"+m") 1og£}]
€=+0 "0 —m2+£ Vx —P x2+m2

= 2 2
@2, = Vo +m”) x2
2

dx

foe)

/ 1og(x2+m2)

0 2
o +m

2
x

00 = 2 A 2
lim {/ xzdx[ / w2+ 1{ g(x,+ Vx -P)+ £ (x,-V=x"-P) % dp +
0 -m2+£ ocz-P

{ 5(x,+\/ x2+m2)+ 5(7(.1— 12+m2)} :I },

2
x +m

ogé

virtue of (3.15) and (3.16) we get finally:
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(m2+P) {

2 =
Qo x _ - 2_ Ky _ /2_
—1,57:> = 1lim {% / xZax / 1 ’”(x’““\/x P)+ $(%, P)}d
0 -m2+€ ‘/xz-P
2 ay]
+ log €& (m +P),50>J (4.17)
n reduce in the same way equation (4.15).

:1 p —%{(‘/;n + jf) ;(V&i—mz,ko) ki—m2 1n(ki-m2)dko} -

-00

Ve 00 -n>€ A
m {(/m ., / )dko[ /m m+P) 7)(\/k +P,k )\ k +P dP -
»+0 b -0 2 2

+Vm“+€ -k
o

= [2_2 232
€. ¢ (VK -m",k ) Vk -m ]]a

/) ¢(V -m k)\/k —m ln(k -m )dk}

hence

2
ey = 2 { ( * f——*—mﬁ)dk { /m " wem” y(\/k—:;k)\/{

a) Vg +€
0

- logé§. <b‘(m2+P) , ?)} | (4.18)

ining (4.17) and (4.18) we obtain finally:

-1 2 -1 -
+P)+ -(m"+P) _ ,<p> =

2
{% x dx (m2+p)'1 { P(x, +Vx —P)+49(x,- % -P) } 4P +
—m2+£ xz-—P :

Ry AT “m2-
’ /m ’ /oo )ak_ {/m mZ+p)” ?(\/k +P,k ) k +P dP}} (4.19)
-0 +Vm“+E

avér, the right hand side of (4.19) is nothing -else than

lim / 24P " XK dk
&—+0 2
|m“+P|>E




-28~

. hence:
2 -1 2 -1 . 1 ~
(@™+P) " -m™+P) 7, p(K) ) = (—— () (4.20)
m +P
re the distribution < ;’ ) @(k)> has to be conceived as the Cauchy
m +P
ncipal value of
/ ‘Pék) dk.
m +P

bining equations (4.16) and (4.20) we obtain:
@*+Pr10) 71, $ () = (=, ) - w1 (Fm+P),POY  (4.21)
( 24 >‘<m2+P"7p ) \ 2 :
have, of course, in the same way the relation:
2 NP BN 1 ~ 3 . 2 ~
{m"+P-10) 7,20 ) = —5—, P ()} + ®i { S +P), § (K)y (4.22)
m +P

formulae (4.21) and (4.22) are generalizations of the one-dimensional

mulae:
(107, 6 10) =(3,50) T ri (FW, 4 (0) (4.2) (4.3)

n (4.21) and (4.22) it follows that

(—21— TAONES <(m2+p+io)'1, P + % ((m2+p-10)'1, #(K))(4.23)
m +P

2 ~ 1 2 PR RPN 1 2 .1 o~
5m+P),$ () ) = 5= (M +P-10) T, P - 5= { @ +P+i0) T, P00 )
(4.24)
obtain Lorentz invariant solutions of the homogeneous and inhomogeneous

in-Gordon equation we have to determine a.o. the Fourier transforms of
2
and §(m +P). This can be done by aid of the Fourier transform of

2 -
(m~+P+i0) 1; therefore we shall turn now our attention to the

armination of the Fourier transform of the distributions (m2+RiiO)-l.
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The Fourier transform of (m2+P‘_-_+_iO)_1

2 A
1. The Fourier transform of (m” +D)

t D be a positive definite quadratic form in k. The Fourier transform

2 A
(m +D) with Re »n¢-2 is

+00

F[ (m2+D)7\ ] = / (m2+D);\ ei Gx, k) dk (5.1)
-do
ere (x,k)= x1k1+x2k2+x3k3+xoko (5.2)
» write D in the form:
3
D=(k,Gk) = » g k. K, (5.3)

r,s=0

jere G denotes the matrix of the coefficients grs'

\king a transformation k=Tk' to principal axes, the quadratic form D can

» written as:
D=(k,Gk)=(k', TG T k')=(k',k")

1ere the matrix T™ is the adjoint of the matrix T.

¢ G T =1 and llez T%T , where |T| and |G| are the determinants of the
itrices T resp. G.
ance .
+00 A P '
2 A 2 '
Fl(m“+D)" ] = 1 /[ {rn +(k',k')} LT g
VIGI -00
+00 A
1 2 1 1
- {m +(k', k] et KD g
ViGl oo
ith x'=T"x.

2 A
t is clear, that F[(m +D) ] depends only on the length |x'| of the four-
ector x'. Taking x'=(|x'l,0,0,0),'we obtain:

+00 A s [ '
Fl%0) ] = == / {maxkgkv} JSIEIE g 5l
Gl -&

o reduce further the right hand side of (5.4) we introduce spherical

oordinates:

k1= x CoS ¢, , k2= x sin g, cos ¢,, k3= x sin o, sin ¢, cos ¢q

nd kc'>= x sin 501 sin 502 sin ;/;3.
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2 3
the surface element of the unity sphere in R

2 3
(k',k')=k1'2+k'2+k'2+kc'> and dk'= x sinz(p:L dx dc,al df) , where dS2

3°
forming the integration tofl we obtain:
® F ilx'l x cos ¢
2 A : 2 2.A
F[(m“+D)" ] = iz / / m+x) e . ::c.3 sinzgal dy?l dx
0

Viel o

ng the following integral relations for Bessel function:

Z® i]x'| < cos P 9

‘0/ e sin ¢, dpl =;—F;{—q— Jl('JCIX'l)
Q0 A+l 2+ A

2 W2 2A g 2 m :
J 2 Jl(xlxl)(m + 2 ) dx-(——,x,') Tey) K2+,A (m]x'] )

re J1 is the Bessel function of the first kind and K2+A the modified

sel-function (see 1it.14), we get the result:

A+2

F[_(m +D) ] (’x l)

IG

K t
I"( P2 a+2 (m <"1 (5.5)

)
e x'=T x, we have

3
2_ 0 * -1 rs
’x'[ =(x',x")=(x,T T"x)=(x,G ~ x)= z: g x, X
r,s=0
02, L . . -
e |x ] is a positive definite quadratic form, whose coefficients
n a matrix which is the inverse of the matrix of the coefficients of

positive quadratic form D,

ting
2 3 rs -
|x'|"= ) & x x =E (5.6)
r,s=0

>btain finally

2 A2 -
2 25 /2m i 3
Flm“D)" ] = = (;g 55 Kupm ED (5.7)

1id of the principle of analytic continuation one proves.easily that

3 result, obtained for Rea¢-2, is also valid for all other complex
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‘alues of A,
le have derived formula (5.7) with the assumption that D is a positive

lefinite quadratic form.

he left and right hand side of (5.7) is also an analytic function of
‘he coefficients grs’ belonging to the quadratic form D, and this is
:rue for those ranges of grs’ where D is positive definite.

Je continue now the left and right hand side of (5.7) analytically
rith respect to the coefficients grs into those ranges of complex
ralues of grs’ where the so obtained new quadratic form &0 has either
. positive definite or a negative definite imaginary part.

he function @* is defined as

A
D" =|D|” exp (ai arg®) with 0¢ argd<w or -m<arg Ds 0 (5.8)

A
he function & has a cut along the negative real axis of the complex
-plane.
Jsing again the principle of analytic continuation, we have for the

somplex quadratic forms & and all values of A the formula:

2 22
2 A 2%° /2 m 1 3
rlm )] - (_Eg ) 5 K@ D) (5.9)

VigT

vherel?l is the discriminant of the quadratic form &0 .

¢is a quadratic form in x, whose coefficients form a matrix which is
-he inverse of the matrix of the coefficients of D .

Vhen D has a positive or negative definite imaginary part, € has a
1egative respectively positive definite imaginary part; when 2 itself
ls positive or negative definite, & is also positive respectively
1egative definite,

ience the function ?E, appearing in formula (5.9) has a cut along the

1egative real axis of the complex € -plane.

2 - 2 -
5.2 The Fourier transforms of (m +P+i0O) 1, (m +P) 1 and 8(m2+P)

A
[n section 4 we have defined the distribution'(m2+RiiO) .

for Re 2> -1 we have:

eixxl 2

(m2+P-_{-_iO)a = (m2+P): + (m +P_)7\_ (4.4)
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2 A
other values of a the distribution (m +RiiO) is defined by the
2 A A
lytical continuation of {(m +P+i0) , y(k)> with respect to A
2 A
ther method to define the distribution (m +RiiO) is as follows;

2
Rea 30 we define (m +P+10) as

2 A 2 A
(m"+P+i0) = lim (m +P+i & Pl) (5.10)
£—+0
) - . 2 .2 .2 2
re P, is the positive definite quadratlc form k_+k_+k +k and where

1 2 .3
2
+P+i € P ) is defined as |m +P+i € P | exp{kl arg(m2+P+1 £ P )}

2
h 0g arg(m +P+1E P J<xrand -%x<arg(m +P-ié& Pl)g 0
2
other values of A the distribution (m +P+1O) is defined as the

lytical continuation of

lim ((m +P+i € P ) , y(k)> with respect to A .
£-—+0
right hand sides of the formulae (4.4) and (5.10) are equal to
h other for Re A30 and hence due to the principle of analytic .
tinuation both definitjons of the distribution (m2+P+1O) re
ivalent.

the complex quadratic form & we take D =D+i€ D_, where D is an

1
itrary non-degenerate real quadratic form and D1 the positive
2 2 2
inite quadratic form k1+k2+k3+k

stituting this into (5.9) and letting consecutively & go to + o,

obtain due to the continuity of the Fourier transformation:
1
- 2
an2 AL oK { m(E710)%}

\/Té_T re " & F 10)2 ™2
+

» matrix of the coefficients of E is of course again the inverse of

(5.11)

(m2+D+i0) ] =

» matrix of the coefficients of D.

particular we fake now a=-1 and D=k_+k_+k_-K =

2 .2 2 2
1 2 3 o
Ice S

lﬁg
2
1

E= -X = Q (5.12)

2 2 2
2 3 o
3 .
1 1? l = (1+i0)~ (-1+i0)= e?'xl (5.13)
+ — —
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utting (5.12) and (5.13) into (5.11) we get finally the result:

Klz m(Q?iQ)%}

F[(m2+P_tiO)—1] Faxim g (5.14)
(gFi0)?
iy aid of (4.23) and (4.24) we obtain:
R .
K m(Q+i0) K m(Q-i0)
Pl fm’+p)]= me[ 14 , I ¥ 1 1 } Ql (5.15)
(Q+iO)2 (Q-10) o
K'—i:.’{;m(Q«sviO)%} K { m(Q~i0)%}
F[ ; ] = 2752 i m[ L T - 1 - % ] (5.16)
m“+P (Q+i0)? (Q-i0)

'n the special case that m=0, we find by taking the limit for m going

.0 zero:
1 4
F[ X(P)] = 271;"[ —_—Q+iO + Q—liO] = —-31 (5.17)
1 2, 1 1 .3
F[i ]= 2% 1[ Q+i0 - Q-10 ] = 4% X(Q) (5.18)

3ince (Qiio)% has a cut along the negative axis of the complex Q-plane

ve have:
3 3 281 3
(Q+i0)2=Q* for Q>0 and (Q+i0)"=e (-Q)° for Q<0.
Jsing the relations:
i %
Kl(z e 2 )= -}z H1(2) (z)= -3% Jl(z)+ 3 iz Yl(z)
-iZ 1)
2 y_ _ - - I R
Kl(z e )= -3% H (z)= %RJl(z) %1xY1(z)
where Hii) is the Hankel-' and Y1 the Neumann-function, we can also
write:
1
2 K. (m Q%)
1 .
F[¥(m +P)] =4xm —3 for Q>0,i.e. outside the light-cone
Q (5.19)
and
2 1
) , H m-?} -1 -]
Fl #m”+P) ] =iz"m I for Q<0, (5.20)

-Q
i.e., inside the light-cone
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follows from (5.15) that for small values of |Q b

jSo + Q-lio)+ o(in 19D)= 2 4 o(1n|qD (5.21)

Q

t‘[é’(m2+P) ] =2% (

1
ire the distribution(a, »p(x)> is taken in the sense of a principal
.ue.

ice for any testfunction ?(X) we may write:

a ' K, (m Q%)
I‘[J’(m +P)], p(x)> = 1lim [4im — ?(x)dx +
£—+0 Q>e Q2
1 1
9 Hl(Z){m(—Q)%} -H; ){ m(-Q)*]
+ ixZ m T w(x)dx (5.22)
Q< -€ -Q*
the same way we find
*‘[ 21 ]: 0 for Q>0, i.e. outside the light cone (5.23)
m +P
1
[ 21 }: 2z m 3 {m-@?} for Q<0, i.c. inside the light cone
m“+p -Q* (5.24)

» small values of IQ | we have

| —21—]= 2&21[@%—6 - %] + 0(1n IQ|)=47|:3 F(Q+o(n|QD (5.25)
"=m +P

1S we may write:

1

- J {m(-%}

1 ] 3 1 3

= =27 m 0(-Q) ———— + 4% HQ (5.26)
-m“+P (-Q
3

- Jim(-Q)

- ] , P = -2x°m il } PO + 4 (HQ, PEOY
-=m +P Q <0 (-Q)

(5.27)

]is an analytic function of x inside the light cone, it vanishes
m +P

:side the light cone and on the light cone it is highly singular, where

3
must be considered as the distribution 4 &(Q).
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2
ving obtained the Fourier transforms of the distributions §F(m™ +P)

d —%;~, we have still only to determine the Fourier transforms of

m +P
e distributions 54(m2+P); this will be done in the next chapter.

The Fourier transform of J;(m2+P)

1 Lemma

2
. determine the Fourier transforms of the distributions J;(m +P) we

ed a lemma, which is formulated as follows:
it g(ul,uz,...,un,wo)=g(u1,u2,...,un,uo+1vo) be holomorphic in the
jper halfplane v, 0 or in the lower halfplane v0-<0 for any set of

53.1 ValueS (ul ,uz’ LRI ,un) .

ul,uz,...,u ,uo+ivo) is assumed for any VO#O to be absolutely integrable

rer any finite region of the space Rn+1 of the variables ul,uz,...,un,uc.

lere exist a positive constant C and positive integers pl,pz,..,pn,po,

le latter independent of vo, such that for sufficient large values of

(i=1,2,...,n,0) the function g(ul,uz,...,u ,u +iv0) is majorated as:

n’ o

n p. p
. 2,71 o

lg(ul,uz,...un,uo+1vo)l< c {;E1(1+ui) }luo+ivol

jen it is further assumed that 1lim g(u. ,u ,...u_,u +iv ) exists in the
Vs +0 1" 2 n" o o
oL
.stributional sense, then_lim g(u,,u.,...u_ ,u +iv ) is the (n+1l)-
vd_+io 1° 2 n’ o o

imensional Fourier transform of a distribution f+(x1,x2,...,xn,xo) which

inishes for xo< 0 respectively xo> 0.

roof

ssume g(ul,u .o un,wo) holomorphic in the upper halfplane v,? 0.

2’
scording to the assumptions there exist positive integers pl,pz,...pn,po,
adependent of Vo’ such that the function

n -p.-1 -p -2
vee,U U +iv )={][ (1+u2)pi }(u +iv ) Fo gu,...u_,u +iv )
? n’"o0 "o (o1 i o o 1 n’ o o

(u,,uy

s absolutely integrable over the whole space Rn+1 for any value of vo> 0.

e consider now the integral:
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1 +00 foo foo —1{x1u1 cetx U +xo(uo+1v ﬁ
) f v / / e h(ul,u2 yeesll ,u +iv )
) -00 -0 -0
'.I d =
duldu2 dun uo
1 +®@ +00 -i (x1u1+. . .+xnun) +00 —1x (u +iv )
L ] .j
)n+1 e s / e dul ee od n / e h(ul y v .;:uo‘*' Vo)duo
- -8 -%

ice the function h is holomorphic in the upper halfplane vo> 0, this
.egral is independent of v, and vanishes for xo< 0. We denote this integral
ft(xl,xz,...,xn,x ) and hence

o o %
F‘[e f (x, ,x seoX 4% )] = h(u yees un,u0+ivo)

1" 2 2
-v X
. oo _»
lying to e f (x ,xz,... xn,x ) the operator
2 p1 +1
D-—{ 7[ (1- ———-) } , we obtain
Vo¥o e E —p0-2
) e (x 11 Xgr e e X X )] (u +iv ) g(ul,uz,...un,uo+ivo)
p +2 —voxo "
g(ul,uz,...u u +1v ) F[(l Ji; + iv ) e D f+(x1,x2,...,xn,xo)]

ing the limit for vd——++0 we get due to the continuity of the Fourier

nsformation:
. ) +i -
lim g(ul,uz,.. un,uo‘lvo)
v —+0
o
> po+2 —voxO x
[ lim {O.EEf +1v0) e D f+(x1,x2,...,xn,xoﬁ]
vd—40 o

ce fi vanishes for X < 0, 1lim g(u
v6—++0
nsform of a distribution vanishing for x0< 0.

1,...un,uo+ivo) is the Fourier

» can prove in the same way that the distributional limit of a function,
omorphic in the lower halfplane, for va—e—o is the Fourier transform

a distribution vanishing for xo> 0.

may be remarked that in the case of distributions defined oOn (Coo)
ictions with compact support one can omit in the lemma the assumption

the existence of the distributional limit 1lim g(ul,u
VO—-—)+O
. latter can then be proved and one has again the result that

2,...un,u°+ivo);
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im g(u
240
ishing for x0< 0 respectively Xo} 0.

1,uz,...un,uo+ivo) is the Fourier transform of a distribution

ce we consider distributions defined on S(R4) and since we do not
\d the lemma in this more general form, we content ourselves here

h the above proven simplified form of the lemma.

2
) The Fourier transform of & (m +P)

) distributionsJ;(m2+P) were defined in section 3, viz:

¥ (m+P), $(0)) =4 O/m 2?7 o Pla e Vil ax (3.15)
1
:J’_(m2+P), &(k)) =} O/OO (x2+m2)_% o2 ;(x,— Cam2) dx (3.16)
ch

P=kf+k§+k§-ki = xz—ki

2
1ice the distribution S;(m +P) is concentrated on the upper sheet of
2
> hyperboloid m +P=0 and vanishes for ko< m, whereas the distribution

>

2
(m“+P) is concentrated on the lower sheet of this hyperboloid and
1ishes for k > -m.
° 2
> distribution &(m +P) is the sum of these distributions and the

2
tter are the result of the unique splitting of d(m“+P) into its
sitive and negative "'frequency' parts.
2
consider now the Fourier transform of §(m”+P) and we put

- 2
Cdmc+p) ] = X(xl,x ,x3,xo).

2
t it be possible to make é Hilbert splitting of the distribution

Xl’xz’XS’xo) as follows:
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1Xg s Xg ) X )= 1lim X (xlgx ,X_ X +1y )+ 1lim  X_(x ,x2,x3,xo+iyo)

2 yo—+0 1 273 ° 'y —-0 271

L

re the limits are taken in the distributional sense and where

(1,x2,x3,xo+iyo) is a holomorphic function in the upper halfplane of
. X +i i . . .
xo+1yo plane and z(xl,xz,xs,xo 1yo) is a holomorphic function in

lower half of this plane.

zover, we assume that X1 and Xz satisfye the conditions of the lemma

1 n=3,.

n the lemma it follows that F-'1 lim X ] is a distribution vanishing
y—3+0 1

- o
k <0 and F 1[ lim X ] is a distribution vanishing for k » O.
y6—+—0 9 o
se FI[ 1im X, + lim X ] = d(m“+P), the distribution FIrolim X ]
Yy +0 1 Yo—-0 2 yo—>+0 1
concentrated on the upper sheet of the hyperboloid and the plane ko=0’

reas F_l[ lim X ] is concentrated on the lower sheet of the hyperboloid
yo———)-O

the plane k0=0.

n we succeed in making a Hilbert splitting of X(xl,xz,xs,x ), which

isfies the homogeneous Klein-Gordon equation, such that 1lim X and

y5—+0 1
n X satisfye also the homogeneous Klein-Gordon equatlon, the part of the
»-0
tributions F"1 lim 1 ] and F lim Xz] which is concentrated on
Yg—+0 y;-0

plane k =0 does not occur, since a dlstrlbutlon concentrated on the plane
0 cannot satlsfye the equation (kz—m )yi=0,

Hilbert splitting is unique apart from a polynomial and we wish to make

h a Hilbert splitting that this polynomial does not occur.

ce the splitting of X(m2+P) in its positive and negative frequency parts

unique, we have obtained the results

- 2 -
& (m2+P)= F 1[ 1lim X ] and 4§ (m"+P)= F 1 lim X ] or
+ 1 - 2
y(;——) +0 yo——-)—o

F[ & (m2+P)] = 1lim X, and F [J (m2+p)] = lim X
+ —40 1 - —5-0 2
Vg Vg

2 2
ce to obtain the Fourier transforms of 8;(m +P) and S_(m +P) we have to

e a Hilbert splitting of the distribution X(xl,x ,x3,xo) into two holomorphic

2
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ctions with the above mentioned properties.

chapter 5 we have shown that the distribution X(xl,xz,xs,xo) can be

tten as:
9 K, (m Qé)
X(r,xo)=F[c\’(m +P) ] = 4zxm T for r >|x_| (5.19)

l
(2) H 3
H m(-Q)“¢{-H mn(-Q)
:(r:Xo)=F[5Tm2+P)]=ix2m 1 { } %1 { }

for |x_|>r (5.20)
(-Q) °

=N

2 2 2 2 2 }
e Q= T -X = X +X,4Xg X (5.12)

consider now the complex zo-plane with z0=xo+iyo.
ace Q% has a cut along the negative Q-axis o6f the complexe Q-plane,

have to introduce two cuts along the real axis of the z0 plane, viz:

> r and X € -T.
fo)

denote the function Q with zo instead of xo by
2 2 2 .
= - + - .
Q(r,zo) ro-X, yO 2 i XY, (6.1)

nce the asymptotic behaviour of the modified Bessel function Kl(z) is
ven by

Kl(z)m(én/z)+% ez (6.2)

is clear that
3
Kl[ m{Q(r,zo)} ]
jacr,z )}

the Zo plane.

r,z0)=4wm is holomorphic in the whole strip |xo|< r

nce for |xo|< r we have:
3
o [n facrz} ]
(a2}

» continue now the function Xl(r,zo) analytically to the regions

(6.3)

Xl(r,zo)=X2(r,zo)=2xm

> r,yo> 0 and X €T,y > 0, while the function Xz(r,zo) is continued
lalytically to the regions x0> r,yo< 0 and x°< —r,yo< 0.

sing the relations:
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K (z e1§) = -%EH(Z) (z)
1 1
(6.4)
-i (1)
Kl(z e §)= —%X‘Hl (z)
i remembering the asymptotic formulae:
x 1
(1)(z)m(%kz) 2 e -ii e'? for -% < arg z< +2%®
(6.5)
3% i
(2) (z2)n (3 x2) -3 e+1% e % for -2/iarg z & +%

find that the analytical continuations of X (r,z ) are:

) (1)[ { +x1Q(r 2 )}é]

;1(r,zo)= -x m 3 in the region X > T,y > 0]
Q(r,zo)
| (6.6)
2
[ nfe™acr,z 2} 7]
(l(r,zo)— in the region X < —r,yo> 0

Q(r, z )%

ile those of X (r,z ) are

2 -7ti
9 ; ) m{e Q(r,zog %]
{ (r,z )= -Z&m in the region x > r,y « 0O
2 o o o

Q(r,z )% ‘
° ‘
i (6.7)

(1)[_ {e”n (r,z )} ]

Q(r,z )%
can be shown that the functlons X, (r,z ) and X_(r,z ) satisfye the
1ditions of the lemma; in particular the existence oI the
stributional limits for y —+0 will become clear, when in the
llowing these limits are Sctually calculated.

(z(r,zo)— ﬁ in the region xo< —r,yo<(L

ging the limit for yd——e+0 respectively Yo —3-0 we obtain with
2 2 2 2 2

r -x —x1+x2+x3 o the results: )
K. (m Q%)
1
lim X_(r,z )=2mm ———;———— for ix |<r i.e. outside the
yo——++0 ° light cone

(1){m(_Q)%}

iim X_(r, zo)=-1n m 3 for x >r,i.e. inside the

yo__;+o 1 (-Q) forward l.c.
(2)
B! m(_Q)%} (6.8)
lim X (r,z0)=+ir1n T for x ¢ -r,i.e. inside the

yg—+0 (-Q)? © bpackward 1.c.




-41-

K (m Q%)
lim Xz(r,zo)=2xm —g for |x°|4r, i.e. outside the l.c.
—-0 Q
2
2 H; g m('Q)%g
1im X _(r,z )=+imn I for x »r, i.e. inside the
—-0 2 ° (-Q) forward l.c.
)

Hil) { m(—Q)ég

for x € -r, i.e., inside the

lim X _(r,z )=-i®% m
—3=0 2 ° (—Q)% ° backward l.c.
) (6.9)
s whole situation is illustrated in figure 2.
Yo
(2) 3 3 2 @ %
2 H fncQ*? 27m K |(m Q%) 17 m B §me-Q) %
ot Q Q2
2 /<\ & Z /\ P
A "}‘ ; 1 n ) “;x
133 23 <€ <& o
\\\%é//hr \\\<e//
( . V)]
2. HID{m(—Q)%} 27m K, 0 o) +1x2mH1 {m(—Q)%}
(—Q)g Q d (—Q)£
fig.2

¢an be verified without difficulty that 1lim X  and 1lim x2 satisfye
~ yo+0 1 y -0

e homogeneous Klein-Gordon equation and hence we can conclude:

I

F[ ¥ (m2+P)] 1lim X (r,z )
+ Y 5+0 °

d (6.10)

F[ 5 (m2+P) ]

lim Xz(f,zo)
yg—-0

2
e behaviour of the distribution F[:X+(m +P)] in the neighbourhood of the
ghtcone can be obtained by expanding—the right hand side of (6.3) for

all values of |Q(r,zo)|.

follows from formula (6.3) that we have for small values of IQ(r,zo)l

2%

1 K
xl(r,zo)=x2(r,zo)=27r Gt ofloglq(r,zo)j} = — - 5+0(loglQD.
o r -(xo+1yo)
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ce:
P‘[J’(m2+P)] = lim 5 2% 5 * o(log|Q)) (6,11)
* y —+0 r -(x +iy )
(o] (o] [¢]
2 . 2F
F[& @“+p)] = Llim 5 + O0(loglQ (6.12)

2 .
- -(x +
ya—e Or (xo 1yo)

reduction of the right hand sides of (6.11) and (6.12) can be carried

as follows:

r+(x +iy )

2% 1 o o
im =2r lim =2 [ log 2] =
- +0 rz-(x0+iyo) yd—ﬁ+0 L& 2r r (Xo+1yo)
(6.13)
r+(x +iy ) r+x .
. 1
ax 2r r-(x +iy ) ax L 2r r-x 2r o
o y5-9+0 o o ‘ o o

aid of partial integration it can be shown, that

r+x

=2 1,

ax 2r g
o

1
=5 3 (6.14)

(o]

Ir-xX
(o]

1
re <-—§——§ , ¢(X)> has to be conceived as a principal value of Cauchy.
r -x
aid of thg chain-rule one has the formula:

-2 O(rz-xz) = -2x K(rz—xz) (6.15)
X o o o

stitution of (6.14) and (6.15) into (6.13) yields:

L 2

lim 2 = 2% 21?5 (PexD)-2140 §_(rP-x0) (6.16)
2 .42 2__2 + o - o

—+0 r =-(x +iy ) r -x

o ] o o

we obtain in the same way

x 2
lim 2 = 2T 2:nr2 & (rz—x2)+2ix' & (rz-xz) (6.17)
2 X 2 2 2 + o - o)
—=-0 r -(x +iy ) r -x
o o o] o

2
ce the behaviour of the distributions F[:5+(m +P)] can finally be

ressed as:
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2r

2 2
r -x
o

{X (m2+P)] = + 2in° 3 (rz—xz) T 218 5 (rz—xz) + d(log]rz-x2|)
+ - + o - o o

(6.18)

1lecting the results (6.8), (6.9) and (6.18) we may write:
Kl(m \/6)

vQ'

F[J+(m2+P)] = 217;2 A’+(Q)—21n2 J (Q + 6(Q)2xm

, B (V=D 12 (m V=Q)
~0(-Qix m JO(x ) - 8(-x) —————————-—} (6.19)
° vV-@ V-Q

1d
2 2 2 K, (n VO
F[&_(m +p)] =-2iz" ¥ (Q)+2ix § (Q) + 6(Q)2=m ——-—-F +
Q

Hiz) (m V-Q) Hil) (mV-Q)
—_— - 9(—x0)
v-q vV -q

+9(-Q)in2m {e(xo) } (6.20)

The solutions of the Klein-Gordon equation

.1. The solutions of the homogeneous equation

t has been shown in section 3 that the general Lorentz invariant solutio

f the homogeneous Klein-Gordon equation can be written as:

%-1 2 2 ¥-1 2 2
f(xl,xz,xs,xo)=c+ F [J;(k -m )] +c_ F [{_(k -m )] (7.1)
utting
AT (x)= -2xi Fol [J+(k2—m2)] (7.2)
nd A (x)= +2rmi F*'l[a’_(kz—mz)] (7.3)

e can also write

+ -
f(xl,xz,xs,xo) =c; A (x) + c, A (%) (7.4)

2

ccording to equation (3.9) the distribution Zki(x) satisfies the

elation

+ - i 2 2
AT (x, ,x, ,%,,-x ) = F F[ & (k"-m") (7.5)
1’723 o (2703 [ + ]
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follows from section (6.2) that the introduced holomorphic 1

[r,zo) and x2(r,zo) are correlated to each other by
Xl(r,+zo) = Xz(r,—zo)

1 hence
Xl(r,xo+10) = Xz(r,—xo-lo)

om this and equation (7.5) it is deduced that:

+ i i
o (x

X, (r,-x +i0)= -~
e 1o (2%)

1,X2,X3,+Xo) = = 3 Xz(r,+xo-1(

I
f

1 F| & (kz—mz)
=g 2 0]

1 in the same way:

- . i r 2 2
A (xl,xz,x3,+xo)= + 3 FL35+(k -m )]
(2%)

1 so we have:

ateo= 7 Lo rle_alah] .

’lying the results (6.19) and (6.20) we obtain the formulae:

+ 1 2 1 2
AT = - = § RO+ = F@RD +
9 m Hl(z)(m R) H;l)(m R)
+ O(RY) Bx { G(Xo) = - 9(-xo) R }
\/_ 2
_ o(-r%) im VR
4%2 V-R
i
- 1 2 1 2
A== 8 ®) + 5 J_® +
. o HD R H® @ R
+ 6(R) 'S_wﬁ{e(xo) R __ﬁ—_—} *
P
. K (mV-R")
+ ©6(-R") 1m2 1
4% -R2

th




—xz-xz—x2=x2—r2 and R= + x2—r2 (7.8)
1 2 3 o o

2
R =X2
o

jer important solutions of the homogeneous differential equation are

> solutions A (x) and A(l) (x), which are respectively uneven and even.

=

2y are defined as:
A= AT@+ AT ana AP @=1{ATw- AT} (7.9)

aid of the well known relations

(1) (2) _
H1 (z)+H1 (z) = 2 Jl(z)
d (7.10)
(1) 2) 3 .
H1 (z)-H1 (z) =21 YI(Z)

follows immediately from the formulae (7.6) and (7.7), that

J. (m R) J, (m R)
1 2. 1 2 2. m 1 1
W= 2 & B+ 5§ R+ e@) 2 fow) 2o— - 0Cx) 2}
(7.11)
d
Y. (m R) K. (m V-R)
D (x)=0 &) fl 1 + 8(-R%) = L (7.12)
x R 2
2r _R?

2 The propagator function A(_}?,xol

ie function A(x), which is called the Pauli-Jordan function, has the
jportant property that it according to (7.11) vanishes outside the
.ghtcone.

s> consider now A(x) as a distribution in the space variables X1 1%g1%g,
1ile the time X is taken as a parameter, We take only positive values
T X .

1is distribution is denoted by A G?,xo).

Jl(m xi-rz)

1 2

1362,x0)= - 2% X(Xi—rz);e(xi-r

m
) = (7.13)
X -r
o
ince by virtue of (2.19) and (2.20) the differentiation of the right hand

ide of (7.13) to xo is formally the same whether X, is variable or a
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leter, the three dimensional distribution A(}?,xo) with parameter

.tisfies also the Klein-Gordon equation which we write in the form:

o2 o2 a2 2 9
— A(}'?,x )=( ° -+ + 2 - Alx,x ) (7.14)
2 o 2 2 2 o)
ax 38X ax 3X
o 1 2 3

.—u)
d of (2.8) it is clear, that lim A(x,x0)=0 and so we write
XO—-')+0

AR, 0)=0 (7.15)

: the order of the processes of differentiation and taking a limit is

issential for distributions we have also

2 2 2
L 2 AR, x )=( 2_,=2 - m ) im AE,x )=0
2 o 2 2 o
+0 2x Bx Bx X --=;+O
o 1 2
lence ‘
AR,0)=0 (7.16)
wvestigate 1lim —i— A(}—c’,xo) we write according to the chain-rule
x —+0 2 o
) (o)
-1
1 ——z— AG?,XO)= = 1im [x 3'(1) ):] +
+0 2% X = +0
o
J_(m xz—rz) J. (m xz—l
2 2. m 1 o . 2 2. m a 1 o)
1 2xo JF"-r7) P + lim 9(x0-r )ZE e
o ;
+0 XZ_rz X(;—-}+O o % _rt
o o
(7.17)

J1 (m x(z)—rz) 2 o
iding into a power series of (xo—r ) and using the
‘/ 2 2
X -r
o

:ion P &(P)=0 and the formula (2.8), it is evident that the second and

| term of the right hand side of (7.17) vanish; hence

1lim —=2 A(x,x )= - % lim [xo A’(l)

X —3 +0 o) X ——3+0
o o

(xz-rz)](7.18)
o

.d of (2.18) we may write:
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(1) 2 %o 1 3 y . '
% &7 gD p) =5 /[ﬂ 3 Loy ray rape] | a8 =
Q r=xo
: [ 2% 29 op
e} 2 A & : )
4 (ax wl tex. “2 *ax NB) aft+ %/ p(xowl,xowz,xoua)df).
0 1 2 3 r=xO &

2
«d therefore lim <Xo &Kl)(xo—rz),¢> =ﬁ:q(0,0,0) and consequently

X =3 +0
o
1 . 1), 2 2
- x lim [:xo .Y (xo—r )]_: - X(xl,xz,xs) (7.19)
x —3+0
o
mee  lim -2 ZLTEix )= - §(x.,x._,x.)
X —+0 axo o 1’7273
o
AR,0 =- 3@ (7.20)

; virtue of the properties (7.15), (7.16) and (7.20) the solution

)(?,xo) of the homogeneous Klein-Gordon equation with the initial

»nditions
p @,0) = 1G)
° (7.21)
'0<_x“,0) = g(®)
an be written as:
@ @,x )= -[ AK,x )xg@ + AT,x )% ] (7.22)
o o o o

here the convolution-products have to be taken with respect to three
ariables X ,x2 and x3. Due to the representation of the function ?o?;’xc
n the form (7.22), the distribution zs?i,xo) is called a propagator-funct

.3 The solutions of the inhomogeneous equation

e have shown in section 3 that the general Lorentz-invariant solution

f the inhomogeneous Klein-Gordon equation (1.3) can be written as:

g(x1 ,xz,xs,xo)= e [ m—;jp:l+ c, el [6’+(k2—m2) ] +C_ il [d’_ (kz—mz)]

(7.23)
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ecial solutions are obtained by taking the following values of c+
dc .

=c =0

e solution g(x) is now denoted by A(x) and we obtain according to

rmula (3.9)

- . 1 1
DX, X, ,X_,~X ) = F[ ]
4
1°7273 %o (2%) mz_kz

plying the result (5.26) we obtain:

J 2
Ak ,x % ,-x )= - & o(R%) 1P L)
1’72’73 o 8% R 4%
d since this distribution is even in xo, we have the result
J, (m R) 2
- _o_m 4,02 1 d(R) v 94
zg(gl,xz,xs,xo)— s ©(R™) = =R (7.24)

is distribution has its support within and on the forward and backward

ghtcone and vanishes outside the cone.

=c =~Ri

denote g(x) by Ac(x) and we obtain:

-1 1 - *-1 1
A =F +Ri S -k%) | = F ———— | (7.25)
C [mz"kz ] [ mz—kz—iO]

aid of section 7.1, formulae (7.2), (7.3) and (7.9), we may write:
A = A A ®-AT@)=A + 41 AL o

ing the formulae (7.12) and (7.24) the result becomes:

(2)
2 H (m R) K (mV-R")
ZSC(X)= FR) _m Q(Rz) 1 " i 8(-R%) 1

m
2
4% 8% R i Vo

(7.26)

=c¢c = -i%
x) is denoted by AAC(X) and we obtain:
-1 ' 2 -
A, (x) = F 1[ L ®iFm —kz)] - F 1[—1——] (7.27)
m

2 2 2
AC m -k —k2+iO

. the same way as in the foregoing case we write
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A, 0= Ew+ HAT@-2"@)= Aw-p 1 AT
ng again (7.12) and (7.24), we get the result:
&)
2 H (m R) K. (mV-R)
S(R) _ m 2 m 2, 1
y(x)= &2 - — @(R7) ———— - —5 1 6(-R)
AC iaxr  8® R ar? F
(7.28)
= =-c_ = +iR
) is denoted by Z&R(x) and we obtain:
%1 1 . 2 .2 2 2
Q0= F [————2 s+ ind (o -k)-ixd_(m-k ):| (7.29)
m -k
by aid of (7.2), (7.3) and (7.9)
R00= A 3AT@+ A= Am- 1 A
ng now (7.11) and (7.24), the result becomes:
J,(m R)
A6 = =5 @ -5 0% 21— for x_3 0
(7.30)
A (x) =0 for x <0
R o
= -C_ = -ix
¢) is denoted by AA(X) and we obtain:
A= ] g - i F ) ¢ 18 @-kD] (7.3
m -k
A, = A + 3 AX).
ing again (7.11) and (7.24), we get the result:
AA(x)=o for x > 0
A - ) . ) Jl(m R) (7.32)
A () =55 (R -z 6R) —F— for x <0

om these results it follows immediately that A(x) has' its
pport within and on the lightcone, ZLRﬁx) within and on the
rward lightcone and ZXA(X) within and on the backward lightcone,

ereas the supports of [&e(x) and ZXAC(X) have no boundaries at all.




-50-

+ following relations are verified easily:

,A+(x) for x> 0 A A (x) for X, 0
AC(X) = i AC(X) = . (7.33)
A (x) for x <O A (x) for x0<0
- Ax) for xo>0 0 for xo>0
AR(x) = AA(x) = (7.34)
0 for x ¢O (x) for x 2 0
o o
2AX) = AR(X) + AA(x) = Ac(x) + AAC(X) (7.35)
. 1) - +
i ATTE =A X -A X)) = Ac(x) - AAC(x) (7.36)

m the formulae (7.25), (7.27), (7.29) and (7.31) follow useful and
.eresting relations for the positive and negative frequency parts of
y distributions AC(X), AAC(X), AR(X) and AA(X). Denoting them

Aé(x), A;(x) etc, we have:

+ + - -
A x) = AL , A X = A, )
c R > A (7.37)
+ + - -
AAC(x) = AA(x) , AAC(x) = A )

y distributions AR(X) and AA(X) are called the retarded and advanced
ien's functions; the distributions AC(x) and AAC(X) the causal and
» anti-causal Green's functions.

conclusion we consider once more the inhomogeneous Klein-Gordon equatiol

@ -n?) P = -3 (7.39)

y Lorentz-invariant solution of this equation can be represented in many

'S, €.8.:

p(x) = sﬁ(x) + A“ (x) » j(x) (7.40)

)re we may write instead of x : R,A,C,AC; the convolution-product is

ten with respect to all variables x_,X,,X, and xo

1’7273
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ng &« =R the function ¢RKX) is the potential of the incoming field,
‘eas for x =A the function ¢Aﬁx) is the potential of the outgoing
.d.

ngu«=C it can be shown by aid of (7.37) that @C(x) is the sum of
positive frequency part of the potential of the incoming field and
negative frequency part of the potential of the outgoing field.
x=AC the potential ?AC(X) is the sum of the negative frequency part
the potential of the incoming field and the positive frequency part
the potential of the outgoing field.

these and many other interesting physical considerations the reader

referred to 1it.3 and 15.
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